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Preface

Various problems in geotechnical Engineering can be investigated by the program ELPLA.
The original version of ELPLA was developed by the father of elastic foundation Prof. M.
Kany, Prof. M. El Gendy and Dr. A. El Gendy. After the death of Prof. Kany, Prof. M. El
Gendy and Dr. A. El Gendy further developed the program to meet the needs of practice.

This book describes procedures and methods available in ELPLA to analyze circular
cylindrical shells structures. It is also considered, circular cylindrical tank resting on any
layered compressible soil as one unit taking into account the soil-structure interaction effect.

The purpose of this text is to present the methods, equations, procedures, and techniques used
in the formulation and development of the ELPLA function for analyzing tanks on different
subsoil models. It is of value to be familiar with this information when using the software.

An understanding of these concepts will be of great benefit in applying the software, resolving
difficulties and judging the acceptability of the results.

Two familiar types of subsoil models are considered, Winkler’s model and Continuum model.
In addition, the simple assumption model is also considered. This model assumes linear
contact pressure on the base of the tank.

The mathematical solution of the circular cylindrical tanks is based on the Finite Element
Method using axi-symmetric circular cylindrical shell elements.

In which, axi-symmetric shell finite elements represent the tank wall and tank base according
to the nature geometry of the structure.

Based on his MSc research, EI Gendy, O. (2016) had carried out a numerical modification on
the methods in ELPLA for analyzing rafts to be applicable for analyzing cylindrical water
storage tanks. Many tested examples are presented to verify and illustrate the available
methods. Some of verification examples for analyzing cylindrical water storage tanks carried
out by El Gendy, O. (2016) are presented in this book.
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2  Verification Examples

2.1 Introduction

Most of mathematical models used in the analysis of circular cylindrical tanks resting on
layered soil under static loading are new developed in the program ELPLA. ELPLA is a user-
friendly computer program. It can analyze structures with different types of subsoil models.
To verify the validity of this computer program, some problems published previously by
researchers using different methods of analyses and models are compared with the results
obtained by the analysis used in this book. A verification study is carried out using the
computer program to analyze circular cylindrical tanks with different subsoil models. The
mathematical solution of the circular cylindrical tanks is based on the Finite Element Method
using circular cylindrical shell elements.

The verification analyses are focused on the validity of the structural analysis of circular
cylindrical tanks. The mathematical model of the structural analysis is based on the Finite
Element Method using circular cylindrical shell elements. Items to be checked under deferent
conditions are internal forces, deformations and rotations in the tank wall and base.
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2.2 Axisymmetric structure problems

The analysis of axisymmetric structure problems is now available in ELPLA (Figure 2.1).
This book presents many examples for this type of problems. It is recommended to read this
book to understand the procedures used by the program before starting to create any practical

problem analysis.
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2.2.1 Coordinate Systems

There are two different coordinates for axisymmetric structure problems; global coordinate
system and local coordinate system (Figure 2.2). Each of these coordinate systems is used to
describe certain data such as the location of nodes or the direction of loads, displacements,
internal forces and reactions. Understanding these different coordinate systems is essential for

the user to define correctly the problem.
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o

7

Local coordinate

=
R
Figure 2.2 System Coordinates

2.2.2 Element Loads

As shown in Figure 2.3, ELPLA uses a different vertical direction for defining loads. The
positive value of load means that it is a downward load. Nodal loads are applied on global
coordinates while element loads are applied in three different cases as follow:

i.  Self weight: A vertical uniform load distributed along the length of the element.
ii.  Snow load: A vertical uniform load distributed along the horizontal projection of the
element.
iii.  Wind load: A uniform load distributed along the length of the element with a direction
perpendicular to the element (local r” axis).
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Load coordinate

-

P [kN/m]
& [KN/] 'HHHHHHIIH/'r W KN/
j j j
“\
i : .
a) Self weight ! b) Snow load ! ¢) Wind load

V [kN]

M [KN.m]
RH [kN]

RM [kN.m]

d) Nodal loads RV [kN] e) Nodal Reactions

Figure 2.3  Cases of element loads, nodal loads and nodal reactions with directions

2.2.3 Graphical output

The graphical output of results such as displacements, rotations and internal forces (bending
moments, shear forces and normal forces) are drawn in locale coordinate.
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2.3 Example 1: Circular loaded area resting on a thin clay layer

2.3.1 Description of the problem

To verify the settlement of a loaded area resting on a relative thin clay layer calculated by
ELPLA using circular and annular elements, a hand calculation of a settlement for a relative
thin soil layer under a circular loaded area is compared with that obtained by ELPLA.

A circular loaded area of a load g = 150 [kN/m?] and radius a = 4 [m] is acting on a relative

thin clay layer as shown in Figure 2.4. Find the settlement of the clay layer under the center of
the loaded area.

a=4 fm]

: <A - - //7_* - T T —_ 77/%
o Et T T o ST T He40[m)
= Clay: C¢=0.04[-] - - T -
- £,=0.75 [-] - -Z- - =T
- =9 [kN/m*] 277 --=- - -

Figure 2.4 Soil profile under the circular loaded area

2.3.2 Hand calculation

If the clay layer is relatively thin and its thickness does not exceed on the footing length
H<2a, Quick ELPLA deals with the clay layer as one unit and considers the stress for the
whole layer. The average stress Aova in a relative thin clay layer of thickness H under the
center of a circular loaded area q of a radius a is given by:

2 2
A%:g[ CHP+22 Zaj

H [H? + 52

The average stress Aova in the entire clay layer:
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_150(, 4% +2x4’

a + 2x4
4 ( V4t +47 J

Ac,, =131.8[KN/m?]

Ac

Overburden stress o, at the middle of the clay layer (z=2 [m]):
6, =7'2, =9x2=18 [KN/m?]
Settlement S¢ of the clay layer:

C.H Ao, +o, 0.04x4 1318+18
= log = log
1+e, o 1+0.75 18

0

S =0.0841[m] =8.41[cm]

c

2.3.3 Settlement by ELPLA

The settlement obtained from ELPLA at the center c of the circular loaded area is 8.40 [cm]. It
is same as that of the hand calculation. The input data and results of ELPLA are presented on
the next pages.
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Methad (9) (Layered soil madkel)
Hexible Foundation

Elements of the loaced area

GEOTEC Software Inc
PO Box 14001 Richmond Road PO, Cal gary AB, Canada BE7Y7

Scale 1:28 | Title: Settlement of a circular loaded area resting on a thin clay layer
Fle: CircLoadedArea Date: 05/012020
Page No.: Project: Verification Examples
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. T, Clay

GW' 000 BPN1
Cc =0.04{-],FHI = 0[°]
T Cr=004[-],C= 10[KNm 2]
400 GAM =9[k\/m 3],e0 = 0.7 5[-]
Boring Logs

200

400

GEOTEC Software Inc
PO Box 14001 Richmond Road PO, Cal gary AB, Canada BE7Y7

Scale 1:20

Page No.:

| Title: Settlement of a circular loaded area resting on athin clay layer

Fle: CircLoadedArea Date: 05/012020

Project: Verification Examples
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Method (9) (Analysis of rotational shell )
Flexible Foundation (Layered soil model)

Distance x [m]

0.00 1.00 2.00 3.00

4.00
5.00 1 1 1 | 1 1 1 | 1 1 1 |

—O-  Settlement w

Settlement w [cm]

9.00

Base settlements
Section in shell base

GEOTEC Software Inc
PO Box 14001 Richmond Road PO, Calgary AB, Canada T3E 7Y7

Scale: 28 Project: Verification Examples
File: CircLoadedArea Date: 05/01/2020
Page No.: Title: Settlement of a circular loaded area resting on a thin clay layer
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2.4 Example 2: Circular loaded area resting on a thick clay layer

2.4.1 Description of the problem

To verify the settlement of a loaded area resting on a thick clay layer calculated by ELPLA
using circular and annular elements, a hand calculation of a settlement for a thick soil layer
under a circular loaded area is compared with that obtained by ELPLA.

A circular loaded area of a load q = 150 [kN/m?] and radius a = 4 [m] is acting on a thick

clay layer as shown in Figure 2.5. Find the settlement of the clay layer under the center of the
loaded area.

a=4 fm]
=150 [KN/m?]
IEEEEEEXK N
N L R
T STt eoTITTEITTIIT 2.0 [m]
e P Y 0 1)
- Clay: Ce=0.04 [] LI
- €,=0.75 [-] e 2.0 [m]
- I L B

Figure 2.5 Soil profile under the circular loaded area

2.4.2 Hand calculation

ELPLA subdivides the thick clay layer into sub-layers, then the average stress in each sub-

layer is determined. Here, for simplifying the solution by the hand calculation, the stress is
calculated at the middle of each sub-layer.
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Stress o at a depth z in the soil under the center of a circular loaded area g of radius a is given
by:

23

Stress o at the middle of the first sub layer (z=1 [m]):

13
Gl :15{1—m:| :14786 [kN/mz]

Stress o at the middle of the second sub layer (z=3 [m]):

3
c, =15 1————3——W =117.6 [kN/m?]
(16+9)

Stress o at the middle of the third sub layer (z=5 [m]):

3
6, =15 1————§——§? = 78.58 [kN/m?]
(16+25)

Overburden stress o, at the middle of the first sub layer (z=1 [m]):
o, =7'2, =9x1=9 [KN/m?]
Overburden stress o, at the middle of the second sub layer (z=3 [m]):
6, =7'2, =9x3=27 [KN/m?]
Overburden stress o, at the middle of the third sub layer (z=5 [m]):
G, =7'2, =9x5=45 [KN/m?]

Settlement S¢ of the first sub layer:

Ac+o, 0.04><2IO 147.86+9

LI
14075 0 g

= =0.0567 [m] =5.67[cm]
1+e, c

SS
0

Settlement s of the second sub layer:

Ac+c, 0.04x2 I09117.6 +27 _ 0.0333 [m] = 3.33[cm]
1+0.75 27

C.h
= log

S; =
l+e, c

0
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Settlement s of the third sub layer:

C.h Ac+o, 0.04x2, 6 7858+45
= log = log

Cl+e, s, 1+0.75 45

0

=0.02 [m] =2.00[cm]

S3

Total settlement s of all layers:
S¢ =S, +S, +8, =5.67+3.33+2.00=11.01[cm]

2.4.3 Settlement by ELPLA

The exact settlement obtained from ELPLA at the center c of the circular loaded area is 10.65
[cm]. It is nearly same as that of the hand calculation with a difference of 0.35 [cm]. The input
data and results of ELPLA are presented on the next pages.
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Method (9) (Layered soil madkel)
Hexible Foundation

Elements of the loackd area

GEOTEC Software Inc
PO Box 14001 RichmondRoad PO, Cal gary AB, Canada TBE7Y7

Scale 1:28
Fle: LoadedAreaThick]

Page No.:

Title: Settlement of a circular loaded area resting on athick clay layer
Date: 05/01/2020
Project: Verification Examples
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400
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GW' 000 BPN1
Cc =0.04[-],FHI = 0[]
T Cr=004[-],C= 10[KNm 2]
600 GAM =9[kNim 3],e0 =07 5[-]
Boring Logs
. T, Clay
GEDTEC Software Inc
PO Box 14001 RichmondRoad PO, Cal gary AB, Canada BE7Y7

Scale 1:30 Title: Settlement of a circular loaded area resting on a thick clay layer
Hle: LoadedAreaThick| Date: 05/012020
Page No.: Project: Verification Examples
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Method (9) (Analysis of rotational shell )
Flexible Foundation (Layered soil model)

Distance x [m]

0.00 1.00 2.00 3.00 4.00

—O-  Settlement w

Settlement w [cm]

11.00

Base settlements
Section in shell base

GEOTEC Software Inc
PO Box 14001 Richmond Road PO, Calgary AB, Canada T3E 7Y7

Scale: 30 Project: Verification Examples
File: LoadedAreaThick | Date: 05/01/2020
Page No.: Title: Settlement of a circular loaded area resting on a thick clay layer
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2.5 Example 3: Circular loaded area resting on different soil layers

2.5.1 Description of the problem

To verify the settlement of a loaded area resting on different soil layers calculated by ELPLA
using circular and annular elements, a hand calculation of a settlement for a three different
soil layers under a circular loaded area is compared with that obtained by ELPLA.

A circular loaded area of a radius a=5 [m] acting on three different soil layers as shown in
Figure 2.6. Find the total settlement of the three layers at the center of the loaded area.

[
=100 [KN/m?]
EEEEEEEEEEELE
NNSTTSZZ

N R e

Fine sand: A

E=8000 [kN/mZ] el 2.0 [m]
vs =17.5 [kN/ m?] v OW |
Soft clay: SeT- - o
my=2x10* [m¥kN] - - - — —- -~ — _ - _ 2.0 [m]
ya=8  N/M] - - o

Normally consolidated clay: -~ — — -~ =— = = - 4.0 [m]
Cc=0.0425 [-] B

€,=0.85 [-] - - - - _— _ - -

Ye2 =8.69 P

¥ V \ \ \ V V ( B

Impervious layer (Rock)
Figure 2.6  Soli profile under the circular loaded area
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2.5.2 Hand calculation

Stress o at a depth z in the soil under the center of a circular loaded area is given by:

ZS
6, = q{l_ @+ Z2)3/2} 1)
Stress o at the middle of the first layer (z=1 [m]):

13
=1001-———— | =99.25 [KN/m?
O O{ (25+12)3’2} [ ]

Stress o at the middle of the second layer (z=3 [m]):

3
o, =10 1—3—3,2 =86.38 [kN/m?]
(25+9)

Stress o at the middle of the third layer (z=6 [m]):

3
o, =10 1—6—3,2 =54.66 [kN/m?]
(25+36)

Overburden stress o, at the middle of the third layer:

G, =2x17.5+2x8+1.5x8.69 = 64.035 [kN/m?]
G, =2x17.5+2x8+2.5x8.60 = 72.725 [KN/m?]
G, =2x17.5+2x8+3.5x8.69=81.415 [kN/m?]
G, =2x17.5+2x8+4.5x8.69 = 90.105 [KN/m?]

Settlement s of the first layer:

1 1

s, =—Ach=
E 8000

x99.25x 2 = 0.0248 [m] = 2.48 [cm]

S
Settlement s of the second layer:

s, =M,Ach = 2x10™ x86.38x 2 = 0.0346 [m] = 3.46 [cm]
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Settlement s of the third layer:

= CiM ogA0+0, 0.0425x4  5466+6838 _ oop ooy oo
l+e, o, 1+0.85 68.38

= CiN og Ao+, _0.0425x4 5466+6838 _( oop ooy o
l+e, o, 1+0.85 68.38

Total settlement s of all layers:

S, =S, +S,+S; =2.48+3.46+2.34=8.28 [cm]

2.5.3 Settlement by ELPLA

The exact settlement obtained from ELPLA at the center c of the circular loaded area is 8.09
[cm]. It is nearly same as that of the hand calculation with a difference of 0.19 [cm]. The input
data and results of ELPLA are presented on the next pages.
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Method (9) (Layered il mocel)
Flexible Foundation

Elements of the loackd area

GEOTEC Software Inc
PO Box 14001 Richmond Road PO, Calgary AB, Canada T3E7Y7

Scale 1:32 | Title: Settlement of a circular loaded area resting on different soil layers
File: LoadedArealayeres Date: 05/01/2020
Page No.: Project: Verification Examples
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BPN1

ES = 8000 [KN/m2],FHI = 0[°]
Ws = 8000 [KN/m2],C = 10[KN/m2]

File: LoadedAreal ayeres

Page No.:

Date: 0501 /2020

Project \erification Examples

GAM = 18[kN/m3] 20
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4.00 GAM = 8[kN/m3] 4.00
6.00
Ce = 0.04[-JFHI =0[°]
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Boring Logs
T, Clay
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Method (9) (Analysis of rotational shell )
Flexible Foundation (Layered soil model)

Distance x [m]

0.00 1.00 2.00 3.00 4.00 5.00
300 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

Settlement w [cm]

] /O/(//

Base settlements
Sections in shell base

GEOTEC Software Inc
PO Box 14001 Richmond Road PO, Calgary AB,Canada T3E 7Y7

Scale: 40 Project: Verification Examples
File: Axi_EX2.4 Date: 05/01/2020
Page No.: Title: Circular loaded area resting ondifferentsoil layers
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2.6 Example 4: Circular plate subjected to a uniform load

2.6.1 Description of the problem

To verify the maximum deflection of the circular plate subjected to uniform load calculated
by ELPLA using circular and annular elements, a hand calculation of a maximum deflection
of a plate with simply supported edge and clamped edge under a uniform load is compared
with that obtained by ELPLA.

According to theory of plate (Ventsel, E./ Krauthammer, T. (2001)), the maximum deflection
Wmax [m] of the plate with simply supported edge under a uniform load, which occurs at the
center, is given by:

: Pr* 5+v,)
" 64 D (L+v,)

while the maximum deflection wmax [m] of the plate with clamped edge under a uniform load,
which occurs at the center, is given by:

Pr*
Wmax =
64 D

where:

Ve Poisson's ratio of the plate material [-]

Ec Young’s modulus of the plate material [KN/m?]
r Plate radius [m]

p Load intensity on the plate [kN/m?]

D Flexural rigidity of the plate [-]

Flexural rigidity of the plate D is given by following equation:

_ E.t?
12 1-v72)
where t is the plate thickness [m]

A circular plate subjected to a uniform load is chosen and subdivided into 10 equal annular
regions. Load on the plate, plate radius and the elastic properties of the plate material are:

Radius of the plate r = [m]
Thickness of the plate t =0.25 [m]
Uniform load on the raft p =100 [KN/m?]
Young’s modulus of the plate material Ec  =27x10"  [kN/m?]
Poisson's ratio of the plate material Ve =0.2 [-]
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2.6.2 Hand calculation

Flexural rigidity of the plate D is calculated from:

_E ¢t
12 1-v?)
D- 2x10" x0.25°

=X T8 2777777 [KN.m]
12 (1-0.25%)

The maximum deflection wmax [m] of the plate with simply supported edge under a uniform
load is calculated from:

W = Pr* 5+v,)
" 64 D (1+v,)
W - 100x5* (5+0.25)
" 64x 2777777 (1+0.25)
w . =14.76 [cm]

=0.1476 [m]

The maximum deflection wmax [m] of the plate with clamped edge under a uniform load is
calculated from:

Pr*
Wmax =
64 D
100x5*

Wi -
"X 64x 2777177
W, =3.52 [cm]

=0.0352 [m]

2.6.3 Maximum deflection by ELPLA

The maximum deflection obtained from ELPLA at the center of the plate with simply
supported edge is 14.59 [cm], while that of the plate with clamped edge is 3.56 [cm], Table
2.1. It is nearly same as that of the hand calculation with a difference of 0.17 [cm] and 0.04
[cm], respectively. The input data and results of ELPLA are presented on the next pages.
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Table 2.1 Comparison of the maximum deflection obtained by ELPLA
with those obtained by hand calculation using plate theory

Simply supported edge Clamped edge
Plate theory ELPLA Plate theory ELPLA
Maximum deflection w [cm] 14.76 14.59 3.52 3.56
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Analysis of rotational shell
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2.7 Example 5: Annular plate on Winkler's medium

2.7.1 Description of the problem

To verify the analysis of annular plates on Winkler's medium carried out by ELPLA using
circular and annular elements, results of a simply supported annular plate on Winkler's
medium obtained by Karagin et al., (2014) using a finite grid solution for circular plates on
elastic foundations are compared with those obtained by ELPLA.

A simply supported annular plate subjected to a uniform load on Winkler's medium is chosen
as shown in Figure 2.7. Load on the plate, plate radii, elastic properties of the soil and the
plate are:

Inner radius of the plate r =25 [m]
Outer radius of the plate r2 =5 [m]
Thickness of the plate t =0.25 [m]
Uniform load on the raft p =200 [KN/m?]
Modulus of sub grade reaction of the soil ks = 10000 [KN/m?]
Young’s modulus of the plate material Ec  =27x10"  [kN/m?]
Poisson's ratio of the plate material Ve =0.2 [-]

I ,
Figure 2.7 A simply supported annular plate subjected to a uniform load (after Karagsin et

al., (2014))
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2.7.2 Analysis of the plate

The available method "Constant Modulus of Subgrade Reaction /2" in ELPLA is used here to
determine the vertical displacement and moment of the plate on Winkler's medium. Figure 2.8
shows the annular plate with 10 annular regions and supports.

Figure 2.8 Annular plate with 10 annular regions and supports

2.7.3 Results and discussions

Karagin et al., (2014) analyzed the annular plate using a finite grid solution for circular plates
on elastic foundations and then compared their results with the FGM solution obtained by
Utku and Inceleme (2000).

Table 2.2 and Table 2.3 show the comparison of the maximum moment and displacements
obtained by ELPLA with those obtained by Karasin et al., (2014) and Utku and Inceleme
(2000).

Table 2.2 Comparison of the maximum moment obtained by ELPLA
with those obtained by Karasin et al., (2014) and Utku and Inceleme (2000)

Karasin et al., Utku and Inceleme
(2014) (2000) ELPLA
Maximum moment My [KN.m/m] 134.5 140.5 136.0
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Table 2.3 Displacements w [mm] under the middle of the annular plate obtained by
ELPLA with those obtained by Karasin et al., (2014) and Utku and Inceleme
(2000)
[r;] Karagin et al., (2014) Utku and Inceleme (2000) ELPLA
2.75 0.81 0.85 0.80
3.00 1.51 1.59 1.49
3.25 2.04 2.16 2.01
3.50 2.35 2.49 2.32
3.75 243 2.58 240
4.00 2.28 243 2.25
4.25 1.92 2.05 1.90
4.5 1.39 1.49 1.37
4.75 0.73 0.78 0.72

It is obviously from the comparison that results of the simply supported annular plate
subjected to a uniform load and resting on Winkler's medium obtained by ELPLA are nearly

equal to those obtained by Karasin et al., (2014) and Utku and Inceleme (2000).

2.7.4 Results by ELPLA

Results of ELPLA are presented on the next pages. By comparison, one can see a good
agreement with those obtained by other published solutions.
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2.8 Example 6: Rigid circular raft on a deeply extended clay layer

2.8.1 Description of the problem

To verify the analysis of a rigid circular raft on a deeply extended clay layer calculated by
ELPLA using circular and annular elements, contact pressure of a rigid circular raft obtained
by the solutions of Borowicka (1939) and the settlement at the characteristic point according
to GralRhoff (1955) are compared with those obtained by ELPLA.

A circular raft of a radius a = 5.0 [m] on a deeply extended clay layer is chosen and
subdivided into 25 annular regions as shown in Figure 2.9. The raft is subjected to an average
uniform load of p = 100 [KN/m?].

[

Figure 2.9 Rigid circular raft with dimension and annular regions

2.8.2 Clay properties

The clay has the following properties:

Compression index Ce =007  []
Initial void ratio €o =085  []
Unit weight of the clay Y’ =869  [kN/m’]

2.8.3 Analysis of the raft

The analytical contact pressure distribution under the rigid circular raft is derived with the
assumption of a semi-infinite soil layer. According to Borowicka (1939), the contact pressure
g [kN/m?] under a rigid circular raft on isotropic elastic half-space medium may be evaluated

by
Pr

- @
qzm (2

where:

r Raft radius [m]

p Load intensity on the raft [KN/m?]
e distance from the center [m]

The definition of the characteristic point according to GraBhoff (1955) can be used to verify
the numerical solutions. The characteristic point is defined as that point of a surface area
loaded by a uniformly distributed pressure, where the settlement s, due to that pressure is
identical with the displacement w, of a rigid raft of the same shape and loading. For a circular
raft, the characteristic point lies at distance a. =0.845 a from the center. Therefore, the
analysis is carried out also for a flexible raft, where the contact stress is equal to the applied
stress on the soil.
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2.8.4 Results and discussions

Figure 2.10 shows the consolidation settlement at the middle of the raft. Table 2.4 compares
the consolidation settlements at the characteristic point for the rigid raft with taht for the
flexible raft. It can be clearly observed from Figure 2.10 and from Table 2.4 that the
settlements at characteristic point for the flexible raft are nearly equal to that for the rigid raft
with difference 4%.

Figure 2.11 shows the comparison of the contact pressure ratio g/p [-] at the at the middle of

the raft. It can be found from the figures that the results of the circular rigid raft obtained by
the ELPLA are nearly equal to that obtained by semi-analytical procedure.

Table 2.4 Consolidation settlements s [cm] at the characteristic point

rigid raft [cm] Flexible raft at characteristic point [cm]
Settlement 17.51 16.77
er[-]
0.00 0.25 0.50 0.75 1.00
0 ' + +
s1. - S S e ]
] —e—Rigid ! i
= ] —a—Flexible ! !
= 14 ] ; .
w10 |
&
=
2 L
E 15 4
20 L
25 4

Figure 2.10  Consolidation settlement s [cm] at the middle of the raft
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Figure 2.11  Contact pressure ratio g/p [-] at the middle of the raft

2.8.5 Rigid consolidation by ELPLA
The input data and results of ELPLA are presented on the next pages.

2-41



ELPLA

Method (8) (Half Space mockl)
Modatilus of Compressibility for Rigid Raft

Raft with annular elments

GEOTEC Software Inc
POBox 1400 1 Richmond R ad PO, Calgary AB, Canada T3E 7Y7

Scale1:35 Title: Rigid circular raft on a deeply extenced clay layer
File: RigidRaft Date: 13/01 2020
Page No.: Project Verification Examples

2-42




Verification Examples

Method (8) (Analysis of rotational shell )
Modulus of Compressibility for Rigid Raft (Half Space model)

Distance x [m]

0.000 1.000 2.000 3.000 4.000 5.000
8.76 1 1 1 I 1 1 1 I 1 1 1 I 1 1 1 I 1 1 1
| | | |
—_ 4
IS
=)
d
= | | | |
-
c
(<5}
IS
2
=
<5}
2] 4
26.26
Base settlements
Section in shell base
GEOTEC Software Inc
PO Box 14001 Richmond Road PO, Calgary AB, Canada T3E 7Y7
Scale: 33 Project: Verification Examples
File: RigidRaft Date: 13/01/2020
Page No.: Title: Rigid circular raft on a deeply extended clay layer

2-43



ELPLA

Contact pressure g [kN/m2]

Method (8) (Analysis of rotational shell )
Modulus of Compressibility for Rigid Raft (Half Space model)

Distance x [m]

0.000 1.000 2.000 3.000

5.000

220
Base contact pressures
Section in shell base
GEOTEC Software Inc
PO Box 14001 Richmond Road PO, Calgary AB, Canada T3E 7Y7

Scale: 32 Project: Verification Examples
File: RigidRaft Date: 13/01/2020
Page No.:

Title: Rigid circular raft on a deeply extended clay layer

2-44




Verification Examples

Method (9) (Analysis of rotational shell )
Flexible Foundation (Half Space model)

Distance x [m]

2.000 3.000

5.000

—_

IS

=)

d

=

-

c

(<5}

IS

2

=

<5}

n

21.00
Base settlements
Section in shell base
GEOTEC Software Inc
PO Box 14001 Richmond Road PO, Calgary AB, Canada T3E 7Y7

Scale: 33 Project: Verification Examples
File: RigidRaft Date: 13/01/2020
Page No.: Title: Rigid circular raft on a deeply extended clay layer

2-45



ELPLA

2.9 Example 7: Rigid circular raft on an isotropic elastic half-space medium

2.9.1 Description of the problem

To verify the settlement of a rigid circular raft resting on an isotropic elastic half-space
medium calculated by ELPLA using circular and annular elements, results of a rigid circular
raft obtained by other analytical solutions from Borowicka (1939) and numerical solution
from Selvadurai (1979) are compared with those obtained by ELPLA.

According to Borowicka (1939), the vertical displacement w [m] of a rigid circular raft on
isotropic elastic half-space medium may be evaluated by

A1 —y 2
We A-v)Pr |
n E

where:

Vs Poisson’s ratio of the soil [-]

Es Young’s modulus of the soil [KN/m?]
r Raft radius [m]

p Load intensity on the raft [kKN/m?]

I Displacement factor [-]

while the contact pressure distribution g [KN/m?] under the raft at a distance e [m] from the
center may be evaluated by

_Pr

2 -e?

A circular raft on isotropic elastic half-space soil medium is chosen and subdivided into 10
equal annular regions. Load on the raft, raft radius and the elastic properties of the soil are
chosen to make the first term from Eqg. 1 equal to 0.01, hence:

Raft radius r =10 [m]
Uniform load on the raft p =100 [KN/m?]
Young’s modulus of the soil Es = 119366 [KN/m?]
Poisson's ratio of the soil s =0.25 [-]

2.9.2 Analysis of the raft

The available method "Rigid raft 8" in ELPLA is used here to determine the vertical
displacement of the raft on isotropic elastic half-space medium. Figure 2.12 shows a radial
strip of the raft with annular regions.
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Figure 2.12 A radial strip of the rigid raft with 10 annular regions

2.9.3 Results and discussions

Table 2.5 shows the comparison of the displacement factor | obtained by ELPLA with those
obtained by Borowicka (1939) and Selvadurai (1979). Besides, Figure 2.13 and Table 2.6
show the comparison of the contact pressure ratio g/p [-] at the middle section of the raft
obtained by ELPLA with those obtained by Borowicka (1939) and Selvadurai (1979).

It is obviously from the comparison that results of the circular rigid raft obtained by ELPLA
are nearly equal to those obtained by Borowicka (1939) and Selvadurai (1979). It is evident
that the numerical analysis for both ELPLA and Selvadurai (1979) gives contact pressure
nearly equal to that of analytical analysis for all locations except near the boundary of the
rigid raft.

Table 2.5 Comparison of the displacement factor | obtained by ELPLA
with those obtained by Borowicka (1939) and Selvadurai (1979)

Borowicka (1939) Selvadurai (1979) ELPLA

Central displacement I [-] 1.2337 1.2451 1.2045

2.9.4 Settlement by ELPLA

The input data and results of ELPLA are presented on the next pages. By comparison, one can
see a good agreement with those obtained by other published solutions.
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Table 2.6 Contact pressure ratio g/p [-] under the middle of the circular rigid raft

obtained by ELPLA with those obtained by Borowicka (1939) and Selvadurai

(1979)

Borowicka (1939) Selvadurai (1979) ELPLA
- - 10.5666
0.9743 2.2214 3.0264 1.0231
0.9216 1.2882 1.3089 1.2614
0.8654 0.997/8 1.0407 0.9265
0.8056 0.8440 0.8719 0.8011
0.7409 0.7445 0.7660 0.7125
0.6698 0.6733 0.6909 0.6483
0.5901 0.6193 0.6343 0.6000
0.4977 0.5765 0.5896 0.5607
0.3817 0.5409 0.5559 0.5278
0.5000 0.5154 0.5278
e/rl-]
1.00

q/p [%]

10 A

0.25 0.50

0.75

—e— Borowicka (1939)

== Selvadurai (1979)

=@=ELPLA

Figure 2.13  Contact pressure ratio g/p [-] under the middle of the circular rigid raft
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2.10 Example 8: Tank with fixed base

2.10.1 Description of the problem

A closed form solution for axi-symmetrically circular cylindrical tank is available in the
reference Bakhoum (1992). To verify the finite element analysis of shell structures and to test
the limitation of mesh size, the internal forces, horizontal displacement and meridional
rotation calculated analytically by the available closed form solution are compared with those
obtained by the finite element analysis of ELPLA using circular cylindrical shell elements.

A circular cylindrical tank of a radius of a = 7 [m] and a height of H =5 [m] is considered as
shown in Figure 2.14. Thickness of the tank wall is t= 0.25 [m]. The tank is filled with water.
The lower edge of the tank is clamped. Figure 2.14 shows the circular cylindrical tank with
dimensions, while the tank material and unit weight of the water are listed in Table 2.7.

Table 2.7 Tank material and water unit weight

Modulus of Elasticity of the tank material E.  =2x10" [KN/m?]

Poisson's ratio of the tank material Ve =0.15 [-]

Unit weight of the water yw =10  [KN/md]

t = 0.25 [m]

n - _—I_
1" —————
3 e A
Y E = 2x10" [kN/ m [l —
T\ e [ E
i\ : [-] /[~
i\ w =10 [KN/md] [~
I - /
—\ e
! "
n— ! po = 50 [kN/ m?] /——1

S/ S S
a=7[m] a=7[m] |
-

TN

Figure 2.14  Cylindrical circular tank with dimensions

2.10.2 Numerical Analysis

To examine the accuracy of the numerical analysis of circular cylindrical shell tank using the
finite element method, the meridional moment My at the tank base is verified using different
mesh sizes. As shown in Figure 2.15 the height of the tank is divided into 5 equal segments.
In each segment, element size and number of elements are varied for different cases. Chosen
of total elements in each case are 5, 10, 20, 25, 50 and 80, which give element sizes of 100,
50, 25, 10, and 6.25 [cm].
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Figure 2.15  Finite element mesh of the tank

2.10.3 Results and discussion

Results of numerical analysis along the wall height are compared with those of the closed
form solution. Figure 2.16 shows the meridional moment My [KN.m/m], Figure 2.17 shows the
radial force Ny [KN/ m], Figure 2.18 shows the horizontal displacement v, and Figure 2.19
shows the meridional rotation vm with tank height. The analysis is carried out with total
elements along the wall height equal to 50, which gives an element size of 10 [cm]. These
figures show that verification results of the available finite element analysis are in an
excellent agreement with those of the analytical solution of Bakhoum (1992). Table 2.8 show
a comparison between maximum internal forces obtained from analytical solution and those
obtained from ELPLA using circular cylindrical shell elements. The table shows that the error
in the maximum values of radial force and meridional rotation is about 0.5%, while that of the
horizontal displacement is 0.74%. The error in the maximum meridional moment is about 7%.
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Figure 2.16

Figure 2.17
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Table 2.8 Comparison between maximum internal forces and deformations obtained from
analytical solution and those obtained from ELPLA using circular cylindrical shell

elements
Type of analysis
Result Bakhoum Difference
(1992) ELPLA
My* My* AM,*
Maximum positive meridional moment My* [KN.m/ m] [KN.m/ m] [%0]
5.37 5.37 0.00
My- My- AMy-
Maximum negative meridional moment My [KN.m/ m] [KN.m/ m] [%0]
-20.38 -18.97 6.92
Nr Nr ANr
Maximum radial force N; [KN/ m] [KN/ m] [%0]
193.74 194.74 0.52
Vh Vh AVh
Maximum Horizontal displacement vi [mm] [mm] [%]
0.271 0.268 1.107
Vim Vm AVm
Maximum meridional rotation vm [rad] [rad] [%]
2.18106x10* | 2.165x10* 0.74

2.10.4 Conversion of the solution

Figure 2.20 shows the convergence accuracy of the circular cylindrical shell element with
different No. of elements. The figure show that element with size of about 25 [cm] gives a
good result with an error less than 20 %, while element with size of about 10 [cm] gives a
good result with an error less than 10 % compared with the analytical solution. This

conclusion concerning element size will be considered in all analyses of shell structures in
these theses.
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Figure 2.20  Convergence accuracy of the circular cylindrical shell element
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2.11 Example 9: Tank with hinged base

2.11.1 Description of the problem

A method based on analytical solutions of the differential equation that governs the behavior
of the wall of a cylindrical tank is available in the reference Godbout et al. (2003). To verify
the finite element analysis of shell structures, the internal forces obtained by this method are
compared with those obtained by ELPLA using circular cylindrical shell elements.

A circular cylindrical tank of a radius of a = 15 [m] and a height of H = 3.7 [m] is considered
as shown in Figure 2.14Figure 2.21. Thickness of the tank wall is t = 0.2 [m]. The lower edge
of the tank is hinged. The tank material has the following properties:

Modulus of Elasticity of the tank material Ec =3x10’ [KN/m?]
Poisson's ratio of the tank material Ve =017 [-]
t=0.2[m]
1 I_;F
i E. =3x107 [kN/m?] 1 E
/ ve =017 [] /=
1" | ” ™
7 /L
i T
i i
e‘ .
|
| a=15[m] a=15[m] |
I =

Figure 2.21  Cylindrical circular tank with dimensions

2.11.2 Numerical Analysis

In the analysis, the height of the tank is divided into 14 segments (12x0.25 [m]+2x0.35 [m])
as shown in 1.

Figure 2.22  Finite element mesh of the tank with boundary conditions
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Meridional moment My and radial force Nr are determined for the following cases:

1. Fully filled tank with water, Figure 2.23. Unit weight of the water y, = 10 [KN/m?]

==Y

yw= 10 [kN/ m?]

]

37[m] |

SSSS===N

SNS

H=

"
7
/
é
A
"
1"
]
‘!
%
/
"
1"
"
/]
/

Po = yw.H= 37 [KN/ m?]

Figure 2.23  Fully filled tank with water

2. Tank with a ground level of Hs=2 [m] above the base, Figure 2.24. The active earth
press is ks.ys= 5.7 [KN/m®]

NS
SSS3

RIS

I

Ground
surface

S
SSSSS====

ks.yw= -5.7 [KN/ m?]

SSXNS

S

Hs =2 [m]

A

eo = ks.yw.Hs=-11.4 [KN/ m?]

ss====S

Figure 2.24  Tank with a ground level of Hs=2 [m] above the base

3. Tank under a partially uniform load on the wall g= -5 [kN/m?], Figure 2.25. The load
has a height of Hs=2 [m] from the base.

NS
SSS3

RIS

I

SN

/
f
1
/
Y

S

XSS

q = -5 [kN/ m?]

SN

Hs =2 [m]

A

ss====S

Figure 2.25  Tank under a partially uniform load on the wall

2.11.3 Results and discussion

Results of ELPLA using the finite element analysis along the wall height are compared with
those obtained by Godbout et al. (2003). Results are plotted in Figure 2.26 to Figure 2.31.
These figures show that results of ELPLA are in a good agreement with those of Godbout et
al. (2003).
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Meridional moment M, [KN.m/m]

4.0 ; :
k — | PLA
35 :\ = = =-Godbout et al. (2003)
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T ]
£ 20
o ]
= 151 N\
= : ;
1.0 1 ]
o "I
8 10 12

Figure 2.26  Meridional moment My [kN.m/ m] with wall height. Case 1

Radial force A/, [KN/m]
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35 3 \\
3.0 1 \\\
Ny

] ——FELPLA \
20 \
1 = ==-Godbout et al. (2003) )

15 1 /

1.0

25 1

Wall height A [m]

05 1 —

] —
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Figure 2.27  Radial force N [kN/ m] with wall height. Case 1
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Meridional moment A, [kN.m/m]
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Figure 2.28  Meridional moment My [kN.m/ m] with wall height. Case 2

Radial force NV, [KN/m]

4.0
——FELPLA
----Godboutetal. (2003) | 57 S
r" ]
2N
J.JU
E 25
Ry
E 20
2 , y4nv)
S /
e
- 15
= K
N 10
‘~~s 05
-40 -30 -20 -10 0 10

Figure 2.29  Radial force Nr [kN/ m] with wall height. Case 2
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Meridional moment A, [kN.m/m]
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Figure 2.30  Meridional moment My [kN.m/ m] with wall height. Case 3

Radial force A/, [KN/m]
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Figure 2.31  Radial force Nr [kN/ m] with wall height. Case 3
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2.12 Example 10: Ring wall with variable wall thickness

2.12.1 Description of the problem

An example for cylindrical shells with variable wall thickness using the finite difference
method is available in the reference Naimi (1957). To verify the finite element analysis of
shell structures, the internal forces and horizontal displacement calculated numerically by the
finite difference method are compared with those obtained by ELPLA using circular
cylindrical shell elements.

A ring wall of a radius a = 100 [m] and a height H = 100.1 [m] is considered as shown in
Figure 2.32. The wall of the ring has a variable thickness, at the base the thickness is hiy =
13.3 [m], while at the top the thickness is ho = 4 [m], thickness in between h [m] can be
obtained from the following equation:

4e1.2
= X
100

h

where X is the distance from the base in [m].

ho=dm

-'-*-Tu -
il
L
el X
2l |]
TI+4
+s
1 mm
I
L
1
|
T
t

Figure 2.32  Ring wall with dimensions (after Naimi (1957))
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The ring wall is exposed to a hydrostatic water pressure and is fixed at the base. The wall
material and unit weight of the water are listed in Table 2.9.

Table 2.9 Wall material and water unit weight

Modulus of Elasticity of the tank material Ec  =2.1x10" [KN/m?]
Poisson's ratio of the tank material Ve =0 [-]
Unit weight of the water yw =10  [KN/md]

2.12.2 Analysis of the ring wall

In the analysis, the total height of the wall is divided into 11 segments with a constant length;
each is (Figure 2.33):

AX = 100.10 _ 9.10 [m]
[] pt=4.729[m] 4.719
[] pt=5.2635[m] 5.264

[] pt=5.871[m]

B pt=6.548[m]

5.871

6.548
[] pt=7.3035[m]
[] pt=8.1465[m] 7.304
B pt=9.0865[m] 8.146

B pt=10.135[m]
B pt=11.3045[m]

[ pt=12.6085[m]

Figure 2.33  Finite element mesh of the ring wall with wall thickness
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2.12.3 Results and discussion

Results of ELPLA using the finite element analysis along the wall height are compared with
those obtained from the finite difference analysis by Naimi (1957). Figure 2.34 shows the
meridional moment My, Figure 2.35 shows the radial force N, and Figure 2.36 shows the
horizontal displacement V. These figures show that verification results of the available finite
element analysis are in an good agreement with those of the finite difference analysis of

Naimi (1957).

2.12.4 Results by ELPLA
The input data and results of ELPLA are presented on the next pages.

Meridional moment A, [MN.m/m]

""" ! I ! 71200

—————— —ELPLA : 11000

,,,,,, = ==-Naimi (1957) | 9003

————— - 1800
————— - ----1-70.0

————— - e t-66:0

————— - 56,8

Wall height A [m]

\
————— — 46,0 ‘
/

L/

————— : 300
————— : e 1 10.0-3

P Ll e N N NV, R—
350 -300 -250 200 -150 -100  -50 0 50

Figure 2.34  Meridional moment My [MN.m/ m] with ring height.
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Figure 2.35

Figure 2.36

2-66
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Analysis of rotational shell

10

11

\\

Boundary condiitions
GEOTEC Software Inc
POBox 1400 1 Richmond R ad PO Calgary AB, Canada T3E 7Y7
Scale1:615 Title: Berechnung einer Ringmauer
File: Fouchmand Date: 18/11 2019
Page No.: Project Hbuchmand (1957 ): Beitraege aurr Anvendung dar Schal eth @ rie bei Bogenstaumauem
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Analysis of rotational shell

~37

-236

Meridional moments My [MN.nm/m]
Meax. My =29 at noce 10, Min. My =-236 atnoce 2

GECTEC Software Inc
POBox 1400 1 Richmond R ad PO, Calgary AB, Canada T3E 7Y7

Scale 1:615
File: Houchmand

Page No.:

Title: Berechnung einer Ringmater
Date: 18/11 2019

Project Houchmand (1957 ): Beitraege 2 Anvendung dar Schal enth ® rie bei Bogenstaumatem

PR

29
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Analysis of rotational shell

0.0

Radial forces Nir [MINVim]
Max. Nr =46.0at noce 12, Min. Nr =0.0 at noce 2

GEOTEC Software Inc
POBox 1400 1 Richmond Rad PO, Calgary AB, Canada T3E 7Y7

Scale1:700 Title: Berechnung einer Ringmauer
File: Fouchmand Date: 18/11 /2019
Page No.: Project Houchmand (1957 ): Beitraege aurr Anvendung dar Schal eth® rie bei Bogenstaumauem
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Analysis of rotational shell

0.53

Horizontal ceformations Vi [cm]
Max. Vh =3.03atnock 14, Min. Vi =0.00at nock 2

0.00

GEOTEC Software Inc
POBox 1400 1 Richmond Rad PO, Calgary AB, Canada T3E 7Y7

Scale1:700 Title: Berechnung einer Ringmauer
File: Fouchmand Date: 18/11 /2019
Page No.:

Project Houchmand (1957 ): Beitraege aurr Anvendung dar Schal eth® rie bei Bogenstaumauem
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2.13 Example 11: Tank covered with a spherical dome

2.13.1 Description of the problem

Numerical analysis for axi-symmetrically circular cylindrical tank covered with a spherical
dome is presented by Melerski (2006) using a hybrid of displacement techniques based on
finite element method. To verify analysis of cylindrical tank covered with a spherical dome,
the internal forces calculated by Melerski (2006) are compared with those obtained by ELPLA
using circular cylindrical shell elements.

Figure 2.37 shows half of an axial section of a large-diameter reinforced concrete circular
cylindrical tank covered with a dome roof. The wall connection with the roof is monolithic,
while the end of the wall is fixed at the base. Details concerning the geometry of the structure
are as shown in Figure 2.37. The elastic properties of the tank material are shown in Table
2.10. Only the self-weight is considered in this analysis.

| t=0.15 [m]

— A
£ |
~ |
IL i
I " i S NN
A . |
| R =30.1 [m] |
i .
_ . |
E | |
S | tw=0.25[m] |
”; ! Ec = 3x107 [kN/ m?] |
I ! Ve =0.16 ['] i
|y =25  [kN/m? |
| |

L a=15[m]

Figure 2.37  Radial section through the tank

Table 2.10 Tank material

Modulus of Elasticity of the tank material Ec = 3x10’ [KN/ m?]
Poisson's ratio of the tank material Ve =0.16 [-]
Unit weight of the tank material Yo =25 [KN/ m?]

2-71



ELPLA

2.13.2 Numerical Analysis

In order to illustrate the comparison between the analysis of Melerski (2006) and that of
ELPLA, the height of the wall is divided into 50 equal elements, each of 0.20 [m], while the
roof shell (dome) is divided into 40 equal arcs each of 0.75 [°] as shown in Figure 2.38.

30[°]

40x0.75 [°]=‘

Hw =50%0.20 [m] =10 [m] Hr

Figure 2.38  Finite element mesh of the tank

2.13.3 Results and discussions

The analysis of the considered tank is carried out by ELPLA, where the circular cylindrical
wall and the spherical roof were simulated with a thin circular cylindrical shell element using
the finite element method. Melerski (2006) analyzed the same tank by a finite element using a
hybrid of displacement techniques.

Results of numerical analysis in the roof are compared with those of Melerski (2006). Figure
2.39 shows the tangential moment M; [KN.m/m], Figure 2.40 shows the meridional moment
My [KN.m/m], Figure 2.41 shows the radial force Nr [KN/ m], Figure 2.42 shows the
meridional force Ny [KN/ m], Figure 2.43 shows the horizontal displacement vy [mm] and
Figure 2.44 shows the vertical displacement vy, [mm]. These figures show that results of the
available finite element analysis using circular cylindrical shell elements are in a good
agreement with those of the numerical solution of Melerski (2006) by a finite element using a
hybrid of displacement techniques. Table 2.11 shows a comparison between maximum
internal forces obtained from the solution of Melerski (2006) and those obtained from ELPLA.
The table shows that the error in the maximum values of tangential and meridional moments
are 7.63%. The radial forces are more accurate with error of 1.39%, while that of the
meridional forces are 1.67%. The horizontal displacements are in excellent accuracy with zero
error, while the vertical displacements are less accurate with error of 6.40%.
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Figure 2.39  Tangential moment M in the roof
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Figure 2.40  Meridional moment My in the roof
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Figure 2.41

Figure 2.42
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Figure 2.43  Horizontal displacement vy in the roof
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Figure 2.44  Vertical Displacement vy in the roof
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Table 2.11  Comparison between maximum internal forces obtained from Melerski (2006)
solution by a finite element using a hybrid of displacement techniques and those obtained
from ELPLA using circular cylindrical shell elements

Type of analysis .
Result Melerski (2006) | ELPLA | D'Merence
M * M * AM*
Maximum positive tangential moment M¢* [KN.m/ m] [KN.m/ m] [%6]
2.31 2.20 4.76
M~ Mt~ A M”
Maximum negative tangential moment M; " [KN.m/ m] [KN.m/ m] [%]
-12.02 -11.10 7.63
N * Ny * AN
Maximum positive radial force N; * [KN/ m] [KN/ m] [%]
246 248.20 0.89
N N AN~
Maximum negative radial force N;- [KN/ m] [KN/ m] [%]
-58.98 -59.80 1.39
Ny Ny ANy
Maximum meridional force Ny [KN/ m] [KN/ m] [%]
-60 -61.10 1.83
vh' vh' Avp*
Maximum positive horizontal displacement vn* [KN/ m] [KN/ m] [%0]
0.63 0.63 0
Vi’ Vi Avy
Maximum negative horizontal displacement vy’ [mm] [mm] [%0]
-0.11 -0.11 0
Vy Vy Avy
Maximum vertical displacement vy [mm] [mm] [%0]
1.71 1.82 6.40
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2.14 Example 12: Tank resting on Winkler's medium

2.14.1 Description of the problem

Numerical and analytical analysis for axi-symmetrically circular cylindrical tank resting on
elastic foundation using Winkler’s model is presented by Vichare/ Inamdar (2010). To verify
analysis of circular cylindrical tank resting on Winkler’s medium, the internal forces
calculated numerically and analytically by Vichare/ Inamdar (2010) at different cases of
modulus of subgrade reaction are compared with those obtained by ELPLA.

A circular cylindrical tank of an inner diameter of d = 13 [m] and a height of H = 3.5 [m] is
considered as shown in Figure 2.45. Thickness of the tank wall is t = 0.175 [m]. The tank is
filled with water. The soil under the base of the tank is represented by isolated springs of
stiffness ks, which represent modulus of subgrade reaction. The tank material, unit weight of
the water and the modulus of subgrade reaction are listed in Table 2.12.

t=0.175 [M] —s—|=—r

| ———— E, =2x10" [kN/ m?] |
i = | Ve =020 [-] \
| o i ve =25  [kN/ mz] !
- ® g =13 [m] ™" =10 [kN/m]—~

‘I ~——— a=6.5[m] ——i

|
| R T R T T T R R R A

ks = 100 000 [KN/ m?]

Figure 2.45  Circular cylindrical tank on isolated springs with dimensions

Table 2.12  Tank material, water unit weight and modulus of subgrade reaction

Modulus of Elasticity of the tank material Ec = 2x10’ [KN/ m?]
Poisson's ratio of the tank material Ve =0.2 [-]

Unit weight of the tank material Y =25 [KN/ m®]
Unit weight of the water yw =10 [KN/ m®]
Modulus of subgrade reaction Ks =100 000 [KN/ m®]

2.14.2 Numerical Analysis

In order to illustrate the comparison between analytical and numerical analysis of Vichare/
Inamdar (2010) and that of ELPLA 9.4, the height of the tank is divided into 35 equal
elements, each of 0.10 [m], as shown in Figure 2.46. The base of the tank is divided into 50
equal elements, each of 0.13 [m].
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Figure 2.46  Finite element mesh of the tank

2.14.3 Results and discussions

The analysis of the considered tank is carried out numerically by ELPLA, where the tank wall
and the base were simulated with a thin circular cylindrical shell element using finite element
method. Vichare/ Inamdar (2010) analyzed the same tank first numerically by ABAQUS 6.8
using three-dimensional finite element model, then analytically using equations of
Timoshenko/ Krieger (1959).

Figure 2.47, Figure 2.48 and Figure 2.49 show a comparison between results of the above
analyses for meridional moment My along the wall height, radial force N; along the wall
height and the meridional moment across the base Mnase respectively. In these analyses, the
modulus of subgrade reaction is chosen to be ks = 100 000 [kN/m?].

Table 2.13 shows a comparison between maximum internal forces obtained from analytical
solution and those obtained from ELPLA, while Table 2.14 shows a comparison between
maximum internal forces obtained from ABAQUS 6.8 and those obtained from ELPLA. From
these figures and tables, it can be concluded for the considered tank and soil that the
difference in values is not more than 5 % which illustrates a good accuracy for the program
used in this research.
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Figure 2.49  Base meridional moment across the raft Mpase
Table 2.13  Comparison between maximum internal forces obtained from analytical
solution and those obtained from ELPLA
Type of analysis .
Result Analytical ELPLA Difference
Maximum meridional moment on the wall My [kN.m/m] | [kN.m/m] [%]
3.95 3.90 1.27
Nr Nr ANr
Maximum radial force on the wall N, [KN/ m] [KN/ m] [%]
150.73 146.7 2.67
Mbase Mbase AMbase
Maximum meridional moment on the base Mpase [KN.m/m] | [kKN.m/m] [%]
-3.25 -3.1 4.62
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Table 2.14  Comparison between maximum internal forces obtained from ABAQUS 6.8 and
those obtained from ELPLA

Type of analysis .
Result ABAQUS 6.8 ELPLA Difference
My My A My
Maximum meridional moment on the wall My [KN.m/m] | [kKN.m/ m] [%6]
4.02 3.9 2.99
Nr Nr A Ny
Maximum radial force on the wall N, [KN/ m] [KN/ m] [%0]
152.91 146.7 4.06
Mbase Mbase AMpase
Maximum meridional moment on the base Mpase [KN.m/m] | [KN.m/ m] [%0]
-3.31 -3.1 0.21

2.14.4 Conversion of the solution

To show the accuracy of the results of ELPLA for different moduli of subgrade reactions, the
considered tank is analyzed again for different values of modulus of subgrade reaction ks
ranges from 20 [MN/m?®] to 200 [MN/m?].

For this range of ks values, Figure 2.50 shows the maximum meridional moment My in the
wall, Figure 2.51 shows the maximum radial force in the wall and Figure 2.52 shows the
maximum meridional moment in the base.

It is observed that with increasing ks value, the maximum meridional moment and radial force
decrease. For the base, it is observed that the variation of base moment with stiffness is
marginal. A little difference in base moment occurred at stiff soil.

In general, the above comparison shows that the results of analyzing circular cylindrical tank

on elastic foundation using Winkler’s model are in a good agreement with those obtained
analytically or numerically using three-dimensional finite element model.
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Figure 2.50

Figure 2.51
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2.15 Example 13: Tank with conical base resting on Winkler's medium

2.15.1 Description of the problem

Numerical and analytical analysis for axi-symmetrically circular cylindrical tank with conical
base resting on elastic foundation using Winkler’s model is presented by EL Mezaini (2006).
To verify analysis of circular cylindrical tank with conical base resting on Winkler’s medium,
the internal forces calculated analytically by EL Mezaini (2006) are compared with those
obtained by ELPLA using circular cylindrical shell elements.

A circular cylindrical tank of an inner diameter of d = 15 [m] and a height of H = 6 [m] is
considered as shown in Figure 2.53 . Thickness of the tank wall is t = 0.5 [m]. The tank is
filled with water. The soil under the base of the tank is represented by isolated springs of
stiffness ks, which represent modulus of subgrade reaction. Figure 5.25 shows the tank with
dimensions, while the tank material, unit weight of the water and the modulus of subgrade
reaction are listed in Table 2.15.

a=75[m]

t=0.5[m] ; ‘

__I Y

a =2x10" [KN/ m?]
= ve =020 []

I Ye =25  [kN/m?]
T w =10  [kN/md]

NN
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%x
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| : _ /
T, 0.85 —"—
i, iy, . [m] T ,/////// Z
//////////// //%Z;%%ZZ%Z;%H/”? yI//I/;W%W;%I/%//M////IH
47 7

N
RN

11111111 /
/IIIIIIIA I,

ks = 100 000 [KN/ m?]
Figure 2.53  Circular cylindrical tank on isolated springs with dimensions

Table 2.15  Tank material, water unit weight and modulus of subgrade reaction

Modulus of Elasticity of the tank material Ec  =2x10’ [KN/ m?]
Poisson's ratio of the tank material Ve =0.2 [-]

Unit weight of the tank material Ye =25 [KN/ m®]
Unit weight of the water yw =10 [KN/ m?]
Modulus of subgrade reaction Ks =100 000 [KN/ m?]
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2.15.2 Numerical Analysis

In order to illustrate the comparison between numerical analysis of EL Mezaini (2006) and
that of ELPLA, the height of the tank is divided into 20 equal elements, each of 0.30 [m], as
shown in Figure 2.54 . The conical base of the tank is divided into 14 equal elements, each of
0.49 [m].

a=75[m]
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Figure 2.54  Finite element mesh of the tank

2.15.3 Results and discussions

The analysis of the considered tank is carried out numerically by ELPLA, where the circular
cylindrical tank and the conical base were simulated with a thin circular cylindrical shell
element using finite element method. EL Mezaini (2006) analyzed the same tank numerically
by SAP 2000 [54] using three-dimensional finite element model.

Table 2.16 shows a comparison between maximum internal forces obtained from SAP 2000
and those obtained from ELPLA.

Figure 2.55, Figure 2.56 and Figure 2.57 show a comparison between results of the above
analyses for meridional moment My along the wall height, radial force N, along the wall
height, the moment across the base raft Mpase and the base settlement Spase respectively. In
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these analyses, the modulus of subgrade reaction is chosen to be ks = 100 000 [KN/m].

From these figures and tables, it can be concluded for the considered tank and soil that the
difference in values is not more than 7% and that illustrates a good accuracy for the program
used in this research.

Table 2.16 ~ Comparison between maximum internal forces obtained from SAP 2000 and
those obtained from ELPLA

Type of analysis .
Result SAP 236%0 EyLPLA Difference
Maximum meridional moment on the wall My [KN.m/ m] | [KN.m/m] [%]
24.30 23.80 2.06
NI’ Nr A NI’
Maximum radial force on the wall Nr [KN/ m] [KN/ m] [%]
308.05 308.40 0.11
Mobase Mbase AMpase
Maximum meridional moment on the base Mpase [KN.m/m] | [kN.m/m] [%]
-15.40 -14.90 3.25
Mbase Mbase AMbase
Meridional moment at the edge of the base Mpase [KN.m/m] | [kN.m/m] [%0]
15.70 15.80 0.64
Scenter Scenter A Scenter
Settlement at the center Scenter [mm] [mm] [%]
0.682 0.730 7.04
Sedge Sedge A Sedge
Settlement at the edge Sedge [mm] [mm] [%]
1.148 1.196 4.18
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Figure 2.55

Figure 2.56
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Figure 2.57  Meridional moment across the conical base Mpase
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2.16 Example 14: Tank resting on half space soil medium

2.16.1 Description of the problem

A differential quadrature solution for the flexure behavior of a circular cylindrical storage
tank resting on an isotropic elastic half space soil medium is presented by Kukreti/ Siddiqi
(1997). The interface between the base and the soil half space is considered to be perfectly
smooth and continuous. The differential quadrature solution takes into account the interaction
between the tank wall and the base using slope and moment compatibility. It also takes into
account the interaction between the base and the soil medium using the contact pressure
equation for the elastic half space. Kukreti/ Siddiqgi (1997) verified their results with those of
energy solution of the base by Kukreti (1992) and finite element model of Booker/ Small
(1983).

To verify analysis of cylindrical storage tank resting on half space soil medium, results of the
analysis using differential quadrature solution by Kukreti/ Siddiqi (1997), energy solution of
the base plate by Kukreti (1992) and finite element model of Booker/ Small (1983) are
compared with those obtained by the finite element analysis of ELPLA using circular
cylindrical shell elements.

A circular cylindrical tank of an inner diameter of d = 18 [m] and a height of H = 7.5 [m] is
considered as shown in Figure 2.59. The thickness of the tank wall and base is t = 0.36 [m].
The tank is filled with water. Figure 2.45 shows the storage tank with dimensions, while the
tank material and unit weight of the water are listed in Table 2.17. The data of soil medium
under the base of the tank are shown in Table 2.18.

| t=0.36 [m]

| — =i~
7 7
% ! B =14x107KN/m?] Z
% = C o ove =00 [] é
é =y : yw =981 [kN/md Z
an | 7
é T d = 18 [m] ‘
é | a=9[m] é
% %
% %
% 7

Isotropic elastic soil medium
E = 20000 [KN/ m?]
Vs =04 [-]

Figure 2.59  Circular cylindrical tank resting on an isotropic elastic soil medium
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Table 2.17  Tank material and water unit weight

Modulus of Elasticity of the tank material Ec  =1.4x10"  [kN/m?]
Poisson's ratio of the tank material Ve =0.0 [-]
Unit weight of the water yw  =9.81 [KN/ m®]

Table 2.18 Soil data

Modulus of Elasticity of the soil medium E = 20000 [KN/m?]
Poisson's ratio of the soil medium Vs =0.4 [-]

The unrealistic value vc = 0.0 was selected because this parameter has a little effect on the
results obtained and because comparison was possible with the results of the differential
quadrature solution of Kukreti/ Siddigi (1997) and also with the results of the finite element
model of Booker/ Small (1983).

2.16.2 Numerical Analysis

In order to illustrate the comparison between different methods for analyzing water storage
tanks resting on an isotropic elastic half space soil medium and that of ELPLA, this numerical
example is analyzed. Internal forces and base settlement calculated by ELPLA were compared
with those of Kukreti/ Siddigi (1997), Kukreti (1992) and Booker/ Small (1983). The height of
the tank is divided into 30 equal elements, each of 0.25 [m], as shown in Figure 2.60. The
base of the tank is divided into 45 equal elements, each of 0.2 [m].

a=45x0.2 [m] =9.00 [m]
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Figure 2.60  Finite element mesh of the tank
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2.16.3 Results and discussions

The analysis of the considered tank was carried out by ELPLA, where the circular cylindrical
tank and the base were simulated with a thin circular cylindrical shell element using finite
element method. Kukreti/ Siddigi (1997) analyzed the same tank using the differential
quadrature method, while Booker/ Small (1983) used a finite element model to simulate the
same tank. Kukreti (1992) solved the same tank with the energy method.

Figure 2.61 shows that the contact pressure within about 67 % of radius of the base is
accurately predicted by the present analysis, with a maximum difference of less than 7 %
from the other methods in the comparison. The results obtained by the differential quadrature
method are the nearest to results obtained by the analysis of this study. In addition, the general
shape of the distribution in the remaining part of the base is similar. The numerical difference
continues to increase toward the base edge, due the fact that half space soil medium predicts
infinity pressure at the edge.
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Figure 2.61  Variation of the contact pressure along the base

Differential deflection of the base with respect to the base -edge is shown in Figure 2.62. The
maximum difference with the energy method of Kukreti (1992) is nearly 50 %, with finite
element solution of Booker/ Small (1983) is approximately 39 % and with the differential
quadrature method of Kukreti/ Siddiqi (1997) is less than 7 %. However, the overall deflected
shape of the plate remains the same and the difference in central differential deflection is
nearly 6 %.
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Figure 2.62  Differential deflection of the base

The base moment and the tank wall meridional moment are shown in Figure 2.63 and Figure
2.64, respectively. They are in close agreement with the finite element solution of Booker/
Small (1983). It is important to note that the differential quadrature method did not give any
instability of solution in the outer quarter domain of the base, as it was experienced by the
energy method reported by Kukreti (1992). Because high concentrations of moment often
occur at the base center at the junction of the tank wall with the base the prediction of the
central moment and the edge moment are of particular interest in structural analysis and
design. The edge moment obtained from the present analysis is about 34.5 % more than the
value predicted if the tank wall were assumed to be fixed at the bottom. Thus, any analysis
based on the assumption that the tank wall is fixed at the base will give unconservative
results. This justifies the necessity of including the interaction between the base, the soil
medium, and the tank wall in the analysis.
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Figure 2.63

Figure 2.64
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The tank wall radial force variations along the height of the tank are shown in Figure 2.65.
The results are in close agreement for the upper three quarters of the tank height (the
maximum difference is 3.16 % with respect to the maximum magnitude of the force). In the
differential quadrature method of Kukreti/ Siddigi (1997) and the energy method of Kukreti
(1992), the discrepancy in the value of the hoop tension near the base is due to the simplifying
assumption made in this analysis that the base is infinitely stiff in the axial direction. The
base, because of its assumed rigidity, does not allow the tank wall to displace radially at the
base, making the value of the hoop force in the tank wall zero at this level. On the other hand;
the finite element model of Booker/ Small (1983) and the analysis of this study give values of
radial force and horizontal displacement at the base, because of taking in consideration the
interaction between the wall and the base, and the interaction between the base and the soil.
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Figure 2.65 Radial force N along the wall height

Table 2.19, Table 2.20 and Table 2.21 show a comparison between results obtained from
ELPLA and those obtained from Kukreti/ Siddigi (1997) solution, Booker/ Small (1983)
solution and Kukreti (1992) solution, respectively.

From these figures and tables, it can be concluded for the considered tank and soil that the

difference in values is not more than 10 % and that illustrates a good accuracy for the program
used in this research.
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Table 2.19

Comparison between results obtained from differential quadrature solution of

Kukreti/ Siddigi (1997) and those obtained from ELPLA using circular cylindrical shell

elements
Type of analysis
Result Differential quadrature method of ELPLA Difference
Kukreti/ Siddigi (1997)
Contact pressure at the base [kN? m?] [kN? m?] [%A?]
center g 74.05 73.60 0.61
My
o [N/ |
Maximum meridional [kN.m/m] m] [%]
moment on the wall My
-71.16 -72.00 1.18
Ny Ny A Ny
Maximum radial force [kN/ m] [KN/ m] [%]
on the wall Nr 379.08 367.10 3.16
. Mbase lt/ll\tl)a;;/ AMpase
Maximum moment on the [KN.m/ m] [kN. [%]
base m]
Mase -73.94 -72.00 2.62
ASbase ASbase A (ASbase)
Differential deflection at the [mm] [ mm] [%]
base center ASpase
-12.34 -13.05 5.75
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Table 2.20  Comparison between results obtained from finite element solution of Booker/
Small (1983) and those obtained from ELPLA using circular cylindrical shell elements

Type of analysis
Result FEM of Booker/ Small ELPLA Difference
(1983)
q q Aq
Contact pressure at the base center q [KN/ m?] [KN/ m?] [%]
72.91 73.60 0.95
My [krlifI mo| o AM
Maximum meridional moment on the [kN.m/ m] m] [%]
wall My
-80.00 -72.00 10.00
Nr Ny A Ny
Maximum radial force [kN/ m] [KN/ m] [%]
on the wall Nr 369.38 367.10 0.62
Mbase Mbase AMbase
_ KN.m/ [KN.m/ o
Maximum moment on the base [kN.m/ m] m] [%]
Mbase
-70.35 -72.00 2.35
ASbase ASbase A (ASbase)
Differential deflection at the base center [mm] [ mm] [%0]
ASbase
-12.51 -13.05 4.32
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Table 2.21  Comparison between results obtained from energy method of Kukreti (1992)
and those obtained from ELPLA using circular cylindrical shell elements

Type of analysis
Result Energy method of Kukreti ELPLA Difference
(1992)
q q Aq
Contact pressure at the base center g [KN/ m?] [KN/ m?] [%]
72.91 73.60 0.95
M
My oy | AMy
Maximum meridional moment on the [kN.m/ m] m] [%]
wall My
-71.16 -72.00 1.18
NI’ Nr A Nr
Maximum radial force [N/ m] [kN/ m] [%]
on the wall Nr 369.38 367.10 0.62
Mobase Moase AMpase
i KN.m/ m [kN.m/ %
Maximum moment on the base [kN.m/ m] m] [%]
Mbase
- -72.00 -
ASbase ASbase A (Asbase)
Differential deflection at the base [mm] [ mm] [%]
center ASbase
-12.34 -13.05 5.75
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2.17 Example 15: Tank with different base thickness on half space soil medium

2.17.1 Description of the problem

A finite element analysis for the flexure behavior of a circular cylindrical storage tank resting
on an isotropic elastic half space soil medium is presented by Melerski (2006). The solution
takes into account the interaction between the tank wall and the base using slope and moment
compatibility. It also takes into account the interaction between the base and the soil medium.

To verify analysis of circular cylindrical storage tank resting on half space soil medium,
results of the analysis using finite element analysis of Melerski (2006) were compared with
those obtained by the finite element analysis of ELPLA using circular cylindrical shell
elements.

A circular cylindrical tank of an inner diameter of d = 20 [m] and a height of H = 10 [m] is
considered as shown in Figure 2.66. Thicknesses of the wall and the base are different. The
thickness of the tank wall ty = 0.2 [m] and that of the base is t, = 0.5 [m]. The tank is filled
with water. Figure 2.66 shows the storage tank, while the tank material and unit weight of the
water are listed in 0. The data of soil medium under the base of the tank are shown in Table
2.23.

tw =0.2 [m]

[KN/ m?]
[-]

[KN/ m?]
[kN/ m?]

ZONZONZON 7

Isotropic elastic soil medium
E = 20000 [kN/ m?]
Vs =0.2 [-]
Figure 2.66  Circular cylindrical tank resting on an isotropic elastic soil medium
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Table 2.22  Tank material and water unit weight

Modulus of Elasticity of the tank material Ec  =2x10’ [KN/ m?]

Poisson's ratio of the tank material Ve =0.16 [-]

Unit weight of the tank material Ye =24 [KN/ m?]

Unit weight of the water yw  =10.19 [KN/ m?]
Table 2.23  Soil data

Modulus of Elasticity of the soil medium E = 20000 [KN/m?]

Poisson's ratio of the soil medium Vs =0.2 [-]

2.17.2 Numerical Analysis

In order to illustrate the comparison between analyzing water storage tanks resting on an
isotropic elastic half space soil medium and that of ELPLA, this example shown in Figure
2.66 is analyzed. Internal forces and displacements calculated by ELPLA were compared with
those of Melerski (2006). The height of the tank is divided into 50 equal elements, each of
0.20 [m], as shown in Figure 2.67. The half base of the tank is divided into 50 equal elements,

each of 0.20 [m].

a = 50x0.20 [m] = 10.00 [m]

100

7

1
i
I
|
I
1
1
1
1
1
1
1
1
|
i
1

50x0.20 [m] = 10.00 [m]

H=

|
i

Y :

Figure 2.67  Finite element mesh of the tank
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2.17.3 Results and discussions

The analysis of the considered tank is carried out by ELPLA, where the circular cylindrical
tank and the base were simulated with a thin circular cylindrical shell element using finite
element method. Melerski (2006) analyzed the same tank by a finite element method.

The tank is analyzed under the following two load cases:
(a) Empty tank (self-weight only).
(b) Full tank (self-weight and liquid pressure).

The base settlement in the two cases of loading are shown in Figure 2.68. They are in close
agreement with the finite element solution of Melerski (2006). For case (a), the difference at
the center is about 13%, while at the edge the value is fewer than Melerski’s result with nearly
10% difference. For case (b), the values are more compatible, where the value of settlement at
the center is greater with approximately 2%, while at the edge the difference becomes 6%.

The base moment is shown in Figure 2.69. Because high concentrations of moment often
occur at the base center and at the junction of the tank wall with the base, the prediction of the
central moment and the edge moment are of particular interest in structural analysis and
design. For case (a), the edge moment obtained from the present analysis is about 7% less
than the value of Melerski (2006), while the value of the moment at the center equals zero.
For case (b), the edge moment is fewer than the value of Melerski (2006) with about 6%,
while the moment at the center is bigger with about 1.8 %.

The wall meridional moment along the height of the tank is shown in Figure 2.70. For case
(@), the moment at the wall-base junction is fewer than the value of Melerski (2006) with 1%.
For case (b), the moment at the wall-base junction is bigger than the value of Melerski (2006),
where the moment at the wall-base junction is not equal to the edge moment at the base for
Melerski (2006) solution.

The tank wall radial force variations along the height of the tank is shown in Figure 2.71. The
results are in close agreement with the finite element solution of Melerski (2006).

Figure 2.72 shows the horizontal displacement. It has the same diagrams as the radial force
diagrams in the two cases of the analysis, where the horizontal displacement equal vh = Ng . a/
E tw.

where:

Vh Horizontal displacement, [m].

Nr Radial normal force in the wall, [kN/ m].
a Tank radius, [m].

E Young's modulus of elasticity, [kN/m?].
tw Wall thickness, [m].

From these figures, it can be concluded for the considered tank and soil that the model used in
the analysis illustrates a good accuracy for the program used in this research.
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Figure 2.68  Variation of settlement Spase in the base plate
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Figure 2.69  Variation of meridional moment Mpase in the base plate
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Figure 2.70

Figure 2.71
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I I I | tw=0.2[m]
__|_9 R I IR I ‘?Ec =2x107 [kN/m?]
. . . . . . ve =016 [-]
— e = KN/ m®
—--—!---8- N — I ..... !_.._!.._5 o Tl favmd
! I ; a=10[m]
B -5-7. T to = 0.5 [m]
N S
ED Isotropic elastic soil medium
—..- 2 5. el — s — et —_— E  =20000[kN/m?],vs =02[] ..
= - I I
c_;u A =0=-Empty - Melerski (2006) : :
S ) P Empty - ELPLA : m
.. —|.3. & [=Full - Melerski (2006) |.—..|—..1Y—.. ... _..
-=-Full - ELPLA ' ; | |
- ._i.._..!_.._i.. —mm
e
I--O.

-05 -025 0 025 05 075 1 125 15 175

Figure 2.72
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Horizontal displacement vi along the wall height
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2.18 Example 16: Water container with a conical base

2.18.1 Description of the problem

A finite element method for analyzing rational shells is available in the reference Szilard et al.
(1986). To verify ELPLA for analyzing shell structures, the internal forces obtained by Szilard
et al. (1986) for analyzing cylindrical water container with a conical base are compared with
those obtained by ELPLA.

A cylindrical water container with a conical base of a radius of a = 3.0 [m] and a height of H
= 12.0 [m] is considered as shown in Figure 2.73. Thickness of the container wall is 0.3 [m],
while that for the conical base is 0.2 [m]. Figure 2.73 shows the container with dimensions
and supports, while the container material and unit weight of the water are listed in Table
2.24.

Table 2.24  Container material and water unit weight

Modulus of Elasticity of the container material Ec =10000 [KN/m?]
Poisson's ratio of the container material Ve =0.17 [-]
Unit weight of the water yw =10 [KN/m?®]
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Ec  =3x10" [kN/m?]
ve =017 [
w =10 [kN/md]

Figure 2.73  Cylindrical water container with dimensions and supports

2.18.2 Numerical Analysis

In the analysis, the height of the tank is divided into two main segments, the first one is
divided into 30 elements (30x0.3 [m]), while the second is divided into 20 elements (20x0.15
[m]) as shown in Figure 2.74.
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A=3.00[m]

l pt=0.3[m]
D pt=0.2[m]

=g

[w] 00 2T

Figure 2.74  Finite element mesh of the container with boundary condition

2.18.3 Results and discussion

Results of ELPLA at segment ends are compared with those obtained by Szilard et al. (1986)
in Table 2.25 to Table 2.27. These Tables show that results of ELPLA are in a good agreement
with those of Szilard et al. (1986). Figure 2.75 to Figure 2.77 show the internal forces

obtained by ELPLA along the wall height.
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Table 2.25  Comparison between radial force N [KN/ m] obtained by Szilard et al. (1986)
and those obtained by ELPLA at segment ends
Radial force Ny [kN/ m] Absolute
Segment No. Edge - difference
Szilard et al. (1986) ELPLA [KN/ m]
. Start node 1.6767 1.6738 0.0029
End node -25.8878 -26.0930 0.2052
5 Start nod 9.0979 9.4414 0.3435
End node 8.1024 9.5305 1.4281
Table 2.26 ~ Comparison between meridional force Ny [KN/ m] obtained by Szilard et al.
(1986) and those obtained by ELPLA at segment ends
Meridional force Ny [KN/ m] Absolute
Segment No. Edge - difference
Szilard et al. (1986) ELPLA [KN/ m]
. Start node -0.7139 -0.7274 0.0135
End node -3.8136 -3.8936 0.0800
Start nod 155.2807 155.2671 0.0136
2 End node 14.1626 14.0693 0.0933
Table 2.27  Comparison between meridional moment My [KN.m/ m] obtained by Szilard et
al. (1986) and those obtained by ELPLA at segment ends
Meridional moment My [kN.m/ m] Absolute
Segment No. Edge - difference
Szilard et al. (1986) ELPLA [KN.m/ m]
Start node -0.0141 -0.0141 0.0000
1 End node -14.6691 -14.6653 0.0038
, Start nod -15.9102 -15.9074 0.0028
End node -0.6238 -0.7782 0.1544
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Figure 2.75  Meridional moment My [KN.m/ m] with wall height.
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Figure 2.76  Radial force Nr [kN/ m] with wall height.
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Figure 2.77  Meridional force Ny [KN/ m] with wall height.
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-
Analysis of rotational shell M

Shell type:

I
Spherical shell Hyperbalicshell

1
Cylindrical shell

s
|

| i
Elliptical shell Cycloidal shell Parabolicshell Irregular shell

Conical shell:

Upper radius Re [m] 300
Height Hw [m] 12

Lower radius Ru [m] gor

Mumber of segments:

Number of segments Ns [1 |2

[ Cancel ] | < Back | [ Mext = ] | Einish

Figure 2.78  "Analysis of rotational shell" wizard
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"

Analysis of rotational shell

Conical shell:
et =) &
Start poistion ri [m] |g.01 L4
z1 [ml |o.00
Z
End position r2 [m] |1.50
z2 [m] |6.00 -
In Table

Cancel

Figure 2.79  "Conical shell" form
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r R
Analysis of rotational shell M

Irreqular shel

Segment data: il
Start poistion ri [m] |0.01 =
z1 [m] |0.00
z (AR
End position r2 [m] 3
2 [m] 3f -
In Table ]

Refresh

Insert Segment
Delete Segment

Copy Segment

|
¢ Bl

Cancel ] [ < Back Mext Finish

Figure 2.80  "Irregular shell” form
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-
Analysis of rotational shell

Irreqular shel

Segment data: r
Start poistion ri [m] |3.00 |_|
21 [ml |z.00 W
End position r2 [m] 3.00
z2 [m] 12,00 -
In Table

Cancel

] [ < Back Jext

Refresh

Insert Segment
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Copy Segment

Finish

Figure 2.81  "Irregular shell” form
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Figure 2.84  "FE-Net Data" window
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2.19 Example 17: Hyperbolic shell under different loads

2.19.1 Description of the problem

A finite element method for analyzing rational shells is available in the reference Szilard et al.
(1986). To verify ELPLA for analyzing shell structures, the internal forces obtained by Szilard
et al. (1986) for analyzing hyperbolic shell under different loads are compared with those
obtained by ELPLA.

Consider a hyperbolic shell of revolution with the following geometry:

Throat radius Ro =18 [m]
Throat height Hi =45 [m]
Lower radius Ru =36 [m]
Total height H =72 [m]
Thickness of the wall t =0.24 [m]

Meridian equation of the hyperbolic shell of revolution is given by:

2 RuZ_Ro2 2 2
r*()==7(E-H) +R;
|
45°
r?(¢)=0.48(¢ - 45)° +324

where r [m] is the radius at height & [m].

Figure 2.85 shows the geometry of the hyperbolic shell with dimensions and supports, while
the shell material are listed in Table 2.28.

Table 2.28  hyperboloid shell material

Modulus of Elasticity of the shell material E.  =3x10" [kN/m?]
Poisson's ratio of the shell material Ve =0.3 [-]
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51.92 [m]
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Figure 2.85  Geometry of the hyperbolic shell with dimensions and supports

2.19.2 Numerical Analysis

In the analysis, the height of the hyperbolic shell is divided into 7 main segments; each
segment is divided into a number of elements. Segment dimensions and number of elements
of each segment are shown in Figure 2.86.
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S
Height H Segment No. 1 No. of elements
T 1
9 [m] 2 112
1 T
9 [m] 3 1 12
T T
9 [m] 4 112
T 1
12 [m] 5 1 12
|
T 1
12 [m] 6 ! 12
|
1 1
12 [m] 7 ! 12
! —
I r
Figure 2.86  Segment dimensions and no. of elements in each segment

7777

Radius R
25.960 [m]

21.898 [m]
19.049 [m]
18.000 [m]

19.049 [m]
23.145 [m]
29.098 [m]

E 36.000 [m]
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Internal forces are determined for the following load cases:

1. Self-weight of g = 6.0 [kN/m?], Figure 2.87.

g =6 [KN/m?]

{
.Il
\
‘t.||
*lll
|||
|lll||llll
||||
|||l
|||l
W
A<

7777
Figure 2.87  Shell with self-weight of g = 6.0 [kN/m?]
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2. Uniform external pressure of ps=-10 [kKN/m?], Figure 2.88.

ps = -10 [KN/m?]

5 /

7777
Figure 2.88  Shell with uniform external pressure of ps = -10 [kN/m?]

2-121



ELPLA

3. Horizontal line load of Ho = - 100 [kN/m] at the top edge of the shell, Figure 2.89.

46
/ Ho = -100 [KN/m]

i E

7777
Figure 2.89  Shell with a horizontal line load of Ho = - 100 [KN/m]
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2.19.3 Results and discussion

Results of ELPLA at segment ends for the three load of cases are compared with those
obtained by Szilard et al. (1986) in Table 2.29 to Table 2.37. These Tables show that results
of ELPLA are in a good agreement with those of Szilard et al. (1986). Figure 2.90 to Figure
2.98 show the internal forces obtained by ELPLA along the wall height.

Table 2.29  Comparison between radial force N [KN/ m] obtained by Szilard et al. (1986)
and those obtained by ELPLA at segment ends. Load case 1.

Segment No. Edge Radial force Nr [kN/ m} (ﬁfﬁéﬂfe
Szilard et al. (1986) ELPLA [KN/ m]
Start node 69.5724 69.5128 0.0596
' End node 0.5222 0.5287 -0.0065
Start node -0.7700 -0.6579 -0.1121
? End node -124.8571 -124.9916 0.1345
Start node -125.8401 -126.0563 0.2162
’ End node -253.4129 -253.7656 0.3527
Start node -254.4527 -254.8056 0.3529
) End node -325.5648 -326.7562 1.1914
Start node -328.2926 -329.0705 0.7779
> End node -304.1353 -304.1556 0.0203
Start node -305.9570 -305.8356 -0.1214
° End node -240.7215 -241.4881 0.7666
Start nod -241.9167 -242.4401 0.5234
! End node -105.0295 -105.1321 0.1026
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Table 2.30  Comparison between meridional force Ny [KN/ m] obtained by Szilard et al.
(1986) and those obtained by ELPLA at segment ends. Load case 1.

Meridional force Ny [KN/ m] Absolute

Segment No. Edge difference
Szilard et al. (1986) ELPLA [KN/ m]
Start node -1.9396 -1.7369 0.2027
. End node -68.0595 -68.0932 0.0337
Start node -72.3711 -72.0512 0.3199
? End node -139.5230 -139.2727 0.2503
Start node -142.7999 -142.8207 0.0208
3 End node -202.3444 -202.4391 0.0947
Start node -205.8094 -205.9064 0.0970
) End node -250.8448 -250.9825 0.1377
Start node -259.9382 -258.6959 1.2423
> End node -294.5903 -294.0234 0.5669
Start node -300.6625 -299.6241 1.0384
° End node -325.4098 -325.1789 0.2309
Start nod -329.3937 -328.3519 1.0418
! End node -350.0983 -350.4408 0.3425

2-124




Verification Examples

Table 2.31  Comparison between meridional moment My [KN.m/ m] obtained by Szilard et
al. (1986) and those obtained by ELPLA at segment ends. Load case 1.

Meridional moment My [kN.m/ m] Absolute
Segment No. Edge difference
Szilard et al. (1986) ELPLA [KN.m/ m]
Start node -0.0009 -0.0011 0.0002
! End node -3.1189 -3.1769 0.058
Start node -2.9919 -3.0427 0.0508
2 End node -8.2363 -8.4232 0.1869
Start node -8.4294 -8.4532 0.0238
’ End node -13.8129 -13.8321 0.0192
Start node -14.0145 -14.0349 0.0204
) End node -16.1447 -16.2391 0.0944
Start node -15.0779 -15.514 0.4361
° End node -12.3262 -12.6665 0.3403
Start node -12.5098 -12.8408 0.331
° End node -7.6055 -7.8502 0.2447
Start nod -1.7253 -8.108 0.3827
! End node -0.1248 -0.1125 0.0123
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Table 2.32  Comparison between radial force N [KN/ m] obtained by Szilard et al. (1986)
and those obtained by ELPLA at segment ends. Load case 2.

Radial force Ny [KN/ m] Absolute

Segment No. Edge difference
Szilard et al. (1986) ELPLA [KN/ m]
Start node -283.9419 -283.7302 0.2117
. End node -201.7216 -201.7328 0.0112
Start node -201.1569 -201.2161 0.0592
? End node -107.0932 -107.0177 0.0755
Start node -106.9399 -106.7979 0.1420
’ End node -59.5957 -59.4365 0.1592
Start node -59.5928 -59.4335 0.1593
) End node -97.5923 -97.2183 0.3740
Start node -97.3619 -97.0933 0.2686
> End node -225.6020 -225.7137 0.1117
Start node -226.3025 -226.357 0.0545
° End node -344.9325 -345.0061 0.0736
Start nod -346.0169 -345.9579 0.0590
! End node -20.2175 -21.1818 0.9643
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Table 2.33 ~ Comparison between meridional force Ny [kN/ m] obtained by Szilard et al.
(1986) and those obtained by ELPLA at segment ends. Load case 2.

Meridional force Ny [KN/ m] Absolute

Segment No. Edge difference
Szilard et al. (1986) ELPLA [KN/ m]
Start node 1.0249 0.9315 0.0934
. End node 46.8933 46.8819 0.0114
Start node 48.7761 48.6042 0.1719
? End node 84.5652 84.3615 0.2037
Start node 85.0767 85.0936 0.0169
’ End node 99.1026 99.1436 0.041
Start node 99.1117 99.1535 0.0418
) End node 85.3395 85.3722 0.0327
Start node 86.1077 85.789 0.3187
> End node 33.8953 33.6757 0.2196
Start node 31.5603 31.5315 0.0288
° End node -32.3984 -32.5001 0.1017
Start nod -36.0127 -35.6723 0.3404
! End node -67.3916 -70.6063 3.2147
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Table 2.34  Comparison between meridional moment My [KN.m/ m] obtained by Szilard et
al. (1986) and those obtained by ELPLA at segment ends. Load case 2.

Meridional moment My [kN.m/ m] Absolute
Segment No. Edge difference
Szilard et al. (1986) ELPLA [KN.m/ m]
Start node -0.0114 -0.0121 0.0007
. End node 2.2238 2.2645 0.0407
Start node 2.1246 2.1603 0.0357
? End node 5.0890 5.201 0.112
Start node 5.1616 5.1755 0.0139
’ End node 6.9021 6.9114 0.0093
Start node 6.9034 6.9128 0.0094
) End node 5.6888 5.7224 0.0336
Start node 5.1782 5.3312 0.153
> End node 1.5604 1.5937 0.0333
Start node 1.4519 1.4886 0.0367
° End node -0.6587 -0.682 0.0233
Start nod -0.7019 -0.7397 0.0378
! End node -2.4192 -2.2127 0.2065
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Table 2.35  Comparison between radial force N [KN/ m] obtained by Szilard et al. (1986)
and those obtained by ELPLA at segment ends. Load case 3.

Radial force Ny [KN/ m] Absolute

Segment No. Edge difference
Szilard et al. (1986) ELPLA [KN/ m]
Start node -2498.3086 -2506.92 8.6114
. End node -6.1263 -6.1498 0.0235
Start node -5.7148 -5.7743 0.0595
? End node 0.0550 0.0537 0.0013
Start node 0.0611 0.0594 0.0017
3 End node 0.0047 0.0028 0.0019
Start node 0.0047 0.0028 0.0019
) End node 0.0039 0.0022 0.0017
Start node 0.0040 0.0022 0.0018
> End node 0.0024 0.0013 0.0011
Start node 0.0024 0.0013 0.0011
° End node 0.0011 0.0006 0.0005
Start nod 0.0011 0.0006 0.0005
! End node 0.0006 0.0003 0.0003
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Table 2.36  Comparison between meridional force Ny [kN/ m] obtained by Szilard et al.
(1986) and those obtained by ELPLA at segment ends. Load case 3.

Meridional force Ny [KN/ m] Absolute
Segment No. Edge difference
Szilard et al. (1986) ELPLA [KN/ m]
Start node -132.8555 -124.6019 8.2536
. End node -1.2323 -1.1253 0.107
Start node 0.1393 0.1263 0.013
? End node -0.0096 -0.0099 0.0003
Start node 0.0107 0.0092 0.0015
’ End node 0.0034 0.0019 0.0015
Start node 0.0035 0.0019 0.0016
) End node 0.0033 0.0018 0.0015
Start node 0.0034 0.0019 0.0015
> End node 0.0029 0.0016 0.0013
Start node 0.0029 0.0016 0.0013
° End node 0.0024 0.0013 0.0011
Start nod 0.0024 0.0013 0.0011
! End node 0.0020 0.0011 0.0009
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Table 2.37  Comparison between meridional moment My [KN.m/ m] obtained by Szilard et
al. (1986) and those obtained by ELPLA at segment ends. Load case 3.

Meridional moment My [kN.m/ m] Absolute
Segment No. Edge difference
Szilard et al. (1986) ELPLA [KN.m/ m]
Start node 10.5182 9.664 0.8542
. End node -1.4044 -1.3918 0.0126
Start node -1.0173 -1.0361 0.0188
? End node -0.0059 -0.006 0.0001
Start node -0.0054 -0.0055 1E-04
’ End node 0.0002 0.0001 0.0001
Start node 0.0002 0.0001 0.0001
) End node 0.0002 0.0001 0.0001
Start node 0.0002 0.0001 0.0001
> End node 0.0001 0.0001 0
Start node 0.0001 0.0001 0
° End node 0.0001 0 0.0001
Start nod 0.0001 0 0.0001
! End node 0.0000 0 0
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1

Figure 2.90  Meridional moment My [kN.m/ m] with shell height. Load case 1

Figure 2.91  Radial force Ny [KN/ m] with shell height. Load case 1
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Figure 2.92  Meridional force Ny [KN/ m] with shell height. Load case 1
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Figure 2.93  Meridional moment My [kN.m/ m] with shell height. Load case 2

)

Figure 2.94  Radial force Ny [KN/ m] with shell height. Load case 2
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Figure 2.95  Meridional force Ny [KN/ m] with shell height. Load case 2
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Figure 2.96
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Figure 2.97  Radial force Ny [KN/ m] with shell height. Load case 3
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2.20 Example 18: A Silo filled with cement

2.20.1 Description of the problem

Analysis and design of silos using finite element method is available in the reference Mansour
(2018). To verify ELPLA for analyzing silos for storing granular materials, the hoop tension
obtained by Mansour (2018) for analyzing a silo filled with cement is compared with that
obtained by ELPLA.

A circular concrete silo having a conical hopper at the bottom part and a conical roof at the
upper part is considered. The main height of the silo is 8 [m] and its diameter is 4 [m]. The
stored material is cement of a unit weight of 15.5 [kN/m?]. The angle of internal friction of
cement is 25 [°] and the angle of wall friction is 25 [°]. The thickness of the roof and the wall
is 0.28 [m], while the thickness of the hopper is 0.25 [m]. The conical hopper bottom slope is
45 [°], opening at the bottom is 0.5 [m] and hopper bottom height is 3 [m]. Figure 2.85 shows
the geometry of the silo with dimensions and support, while the silo shell material is listed in
Table 2.38.

A
P r=2[m]
j———>]
)
Conical roof
3[m]
D pt=0.28[m] H=14 [m]
t=0.25[m
D P ] = |[Cylindrical shell
3 [m] Conical hopper
|
=
=1+=—-0.25 [m]

Figure 2.99  Geometry of the silo with dimensions and support
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Table 2.38 Silo shell material

Modulus of Elasticity of the shell material Ec  =2.486x10" [kN/m?]
Poisson's ratio of the shell material Ve =0.2 [-]
Unit weight of the shell material Ye = 23.563 [KN/m?]

2.20.2 Pressure on the silo wall

According to Janssen s silo theory (1895), the horizontal pressure Pn [KN/m?] on the silo wall
at a depth h [m] below the free surface of the stored material is given by:

R i
p = {1-Exp( bk hﬂ
u R

in which Kk is the ratio of horizontal to vertical pressures, usually assumed equal to Rankine’s
coefficient of active earth pressure

K = 1-sing
1+sine

h Depth from the material top to the calculation section, [m]
k Wall pressure coefficient, [-]
[0) Angel of internal friction of the stored material, [°]
Ys Unit weight of the stored material, [KN/m?]
R=A/U Hydraulic radius of the net horizontal cross section, [m]
p=tan § Friction coefficient between the silo wall and the stored material
o Angle of the wall friction, [°]
A=nD?/4 Cross-sectional area of the silo, [m?]
U=nD Parameter of the silo, [m]
D Diameter of the silo, [m]

Using the above relations and equations, the lateral pressure Pn on the main silo wall various
depth is determined and presented in Table 2.39.

Table 2.39  Lateral pressure Pn on the main silo wall

Height from the top Lateral pressure on the silo wall
h [m] Pn [KN/m2]

1 5.731

10.475

14.400

17.648

20.337

22.562

24.403

[e<l IaNE K2} [S2 ) B [OON I\

25.926
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2.20.3 Numerical Analysis

The wall of the silo is divided into three parts:

1. The roof part where no lateral pressure is applied on it

2. The main silo part where the lateral pressure pn is applied.
3. The hopper part where no lateral pressure is applied on it

In the analysis, these three parts are divided into 14 segments; each segment is 1.0 [m]. Then
these segments are divided into a number of elements, each element is 0.2 [m]. Segment
dimensions and number of segments are shown in Figure 2.100.

r=2 [m]

H=14 [m]

Figure 2.100 Segment dimensions

2-140



Verification Examples

2.20.4 Results and discussion

Table 2.29Figure 2.101 shows the redial force obtained by ELPLA. The maximum redial force
obtained by ELPLA is Nr =48.4 [KN/m], while that of Mansour (2018) is Nr =51.3 [KN/m].
They are in a good agreement.

63

48.40

\
|
—

77.17

Figure 2.101 Redial force Nr [KN/m]
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